We derive expressions for third-order matrix elements of one-and two-particle operators within the framework of relativistic many-body perturbation theory and use these formulas to evaluate specific-mass isotope shifts and isotope field shifts in atoms and ions with one valence electron. Third-order corrections to isotopeshift constants for 3s, 3p, and 3d levels in sodium and sodiumlike ions with Zϭ12-18 and Zϭ26 are given. Applications to 4s, 4p, 3d, and 4d levels in K and 4s, 4p, and 3d levels in Ca ϩ are also given. Comparisons are made with previous calculations and with experiment. Including third-order corrections improves the agreement between theoretical and experimental values of the specific-mass isotope-shift constants for the cases considered.
I. INTRODUCTION
Isotope shifts of atomic transition frequencies consist of two parts, one arising from nuclear recoil and the other from the finite size of the nuclear charge distribution ͓1͔. The nuclear recoil contribution is subdivided into a normal-mass shift ͑NMS͒ associated with the operator Ϫ(1/2M )͚ i p i 2 , which can be accurately evaluated in terms of the transition frequency, and a specific-mass shift ͑SMS͒, contributed by the operator (1/M ) ͚ iϽ j p i •p j , which is difficult to evaluate accurately. The part of the isotope shift caused by the finite size of the nuclear charge distribution, referred to as the field shift ͑FS͒, is obtained from matrix elements of the operator ␦V/␦͗r 2 ͘, where V is the nuclear potential and ͗r 2 ͘ is the mean-square radius of the nucleus. The Hartree-Fock ͑HF͒ method was used by Bauche ͓2͔ to evaluate the SMS in alkali-metal atoms and in a few atoms with two and three valence electrons. Bauche and Champeau point out in their review of the theory of isotope shifts ͓3͔ that the HF value of the SMS of the D 1 line in Na does not agree at all with the experimental value ͓4͔. Reasonable values of the SMS were obtained, starting from the HF theory and including higher-order corrections from many-body perturbation theory ͑MBPT͒, by Mårtensson and Salomonson ͓5͔ for Li and K, and by Lindroth and Mårtensson-Pendrill ͓6͔ for Na. Subsequently, Hörbäck et al. ͓7͔, Lindroth et al. ͓8͔, 11, 12͔, and Kurth et al. ͓13͔ carried out extensive MBPT calculations of the SMS and the field shifts for various atoms and ions. Theoretical values of the SMS have also been obtained using third-order MBPT by Veseth ͓14͔, and using multiconfiguration HF methods by Froese Fischer and coworkers ͓15͔.
In this paper, we develop formulas for diagonal thirdorder matrix elements of one-and two-particle operators, including angular reduction, within the framework of relativistic MBPT and use these formulas to evaluate third-order matrix elements of the one-particle field-shift operator and the two-particle SMS operator for atoms with one valence electron. With the aid of these third-order matrix elements, we obtain isotope shifts for 3s, 3p, and 3d levels in sodium and sodiumlike ions with Zϭ12-18 and Zϭ26; for 4s, 4p, 3d, and 4d levels in K; and 4s, 4p, and 3d levels in Ca ϩ .
Accurate values of the isotope shifts for sodiumlike ions are of importance currently in connection with the search for time variation of the fine-structure constant in alkali doublet absorption lines from quasars ͓16͔.
II. MATRIX ELEMENT

A. Specific-mass shift
We restrict our attention to an atom or ion with one valence electron and suppose that it is described to lowest order in the ''frozen-core'' HF approximation, where the core electrons satisfy closed-shell HF equations and the valence electron satisfies the HF equation in the fixed potential of the core. We express the SMS operator Pϭ ͚ iϽ j p i •p j in second quantization as the sum of a normally ordered two-particle operator T and a normally ordered one-particle operator S where t i jkl ϭ͗i j͉p 1 •p 2 ͉kl͘ and t i j ϭϪ͚ a t iaa j , a being a core orbital. In the above equation, the notation :•••: designates normal ordering with respect to the core. The matrix element of P is referred to as the specific-mass shift constant; it is designated by K SMS in Refs. ͓5-13,17͔. We expand the state vector of the atom in powers of the residual Coulomb interaction and use it to obtain an orderby-order expansion of matrix elements of the operators S and T. As discussed by Bauche and Champaeu ͓3͔, formulas for matrix elements of P can be easily inferred from the corresponding formulas for the energy. In the relativistic case, the energy expansion for atoms with one valence electron is carried out explicitly through third order, for example, in ͓18͔. To obtain formulas for the first-, second-, and third-order matrix elements of S and T, one simply replaces the Cou-lomb matrix element g i jkl ϭ͗i j͉1/r 12 ͉kl͘ by g i jkl ϩt i jkl and (V HF ϪU) i j by (V HF ϪU) i j ϩt i j in expressions for the first-, second-, and third-order energy in ͓18͔ and linearizes in t i jkl and t i j , respectively. In this way, we find, for example,
PϭTϩS
Detailed expressions for first-, second-, and third-order matrix elements of S and T after angular reduction are written out in the Appendix. Our calculation of S (2) is modified to include all thirdand higher-order corrections from the random-phase approximation ͑RPA͒. This is done by replacing the ''bare'' matrix elements t i j in Eq. ͑A4͒ by ''dressed'' RPA matrix elements t i j RPA obtained by solving the core RPA Eqs. ͑A9͒. The corresponding third-order RPA contributions are, of course, excluded from S (3) . We also include important higher-order corrections in the remaining part of S (3) , given in Eqs. ͑A10-A26͒, by replacing bare matrix elements of t i j by their RPA counterparts t i j RPA . This generalization of third-order matrix elements is precisely the one required to make electric-dipole transition matrix elements gauge independent through third order, as shown in Ref. ͓19͔ . Second-and thirdorder electric-dipole matrix elements, modified as described above, led to amplitudes for dipole transitions in alkali-metal atoms that were accurate to better than 1% for all cases where precise comparison values were available.
To improve our calculations of S, we also carry out calculations using singles-doubles ͑SD͒ wave functions. These wave functions include single and double excitations of the lowest-order HF wave function to all orders in perturbation theory. The evaluation of one-particle matrix elements using SD wave functions is discussed in Refs. ͓20,21͔ and complete formulas, after summation over angular-momentum projection quantum numbers, are given in Ref. ͓22͔. The SD wave functions used here also include the subset of triple excitations needed to reproduce all third-order corrections to valence energies as described in Refs. ͓21,22͔. The relative importance of triple excitations in calculations of SMS matrix elements will be discussed later. We use the notation S (SD) to designate corrections to one-particle SMS matrix elements evaluated using all-order SD wave functions. It should be noted that the matrix elements S (SD) are complete through third order in MBPT. The two methods used here to calculate matrix elements of the operator S lead to values that include different subsets of the fourth-and higher-order corrections. We present results of both calculations in our tabulations of SMS values but, based on studies of the SD matrix elements reported in ͓20͔, we recommend S (SD) as the more accurate alternative.
Two-particle contributions T to the specific-mass shift are calculated only through third order. Expressions for secondand third-order matrix elements of T are given in Eqs. ͑A7͒-͑A8͒ and ͑A27͒-͑A62͒ of the Appendix. These formulas are obtained from the corresponding expressions for the secondand third-order energy. The formulas are given for an arbitrary two-body operator and, therefore, can be used to calculate other quantities besides the specific-mass shift. Because of the complexity of calculations of matrix elements of twobody operators, we did not include corrections beyond third order. The expression for the third-order energy contains 56 terms associated with 56 distinct Brueckner-Goldstone diagrams. Substituting g i jkl ϩt i jkl into the third-order energy and linearizing as described above, leads to 3ϫ56ϭ168 terms for the T (3) . These terms can be regrouped and reduced to 36 terms by combining direct and exchange integrals. We give the breakdown of T (3) for the 3s state of Na in Table I . Before discussing this table, we briefly describe the numerical implementation of the many-body calculations.
To evaluate the formulas for one-and two-particle matrix elements in the Appendix, we use a one-particle basis set formed from linear combinations of B splines ͓23͔. The oneparticle basis orbitals are given on a nonlinear radial grid constrained to a large spherical cavity. The radius of the cavity is chosen to be 50 a.u. for neutral atoms and scaled down appropriately for ions. One-particle states with orbital angular momentum lр6 are included in the basis, which consists of 40 radial wave functions represented as linear combinations of B splines of order 7, for each value of l.
In Table I , we list contributions from each of the 36 terms in Eqs. ͑A27͒-͑A62͒ for the 3s state of Na in GHZ amu. We include the corresponding labels from Eqs. ͑A27͒-͑A62͒ for each term in columns headed ''Term.'' The three terms arising from a single third-order energy term E (3) in Ref. ͓24͔ are listed in the same rows for convenience; the labels of the corresponding energy diagrams from ͓24͔ are given in the first column of Table I . As we see from the table, seven terms, namely, A27, A29, A30, A32, A37, A39, and A43 are 5 to 35 times larger than any other term. It is easily seen from Eqs. ͑A27͒ and ͑A29͒ that the terms A27 and A29 are identical as are the terms A30 and A32, therefore, we omit terms A29 and A32 from further discussion.
We present the Goldstone diagrams for terms A27 and A30 in Fig. 1 . In the figure, we designate the Coulomb in- teraction g i jkl using a dashed line and the two-particle matrix element t i jkl using a wavy line. We note that each of these two terms actually consists of four diagrams; however, only the one direct and one exchange diagram shown in Fig. 1 contributes significantly. The exchange diagrams presented in the second row of Fig. 1 are five times smaller than the direct terms and contribute with an opposite sign. In Fig. 1 , each diagram on the left cancels each diagram on the right almost exactly and the remainder, after summing the terms A27 and A30, is only 0.2% of the individual terms. As shown in Table I , these diagrams correspond to third-order energy diagrams I and J from Ref.
͓24͔. The cancellation of the I and J energy diagrams was discussed in Ref. ͓24͔ . We note that the terms A28 and A31 are very small since the Coulomb matrix element g vcvb is replaced by t vcvb , which vanishes because of selection rules. Therefore, only two small contributions containing t vcbv survive for these two terms.
In Fig. 2 , we present Goldstone diagrams for the other three large terms: A37, A39, and A43. These terms are represented by 20 Goldstone diagrams; however, only one diagram for each term gives the dominant contribution. The corresponding diagrams are shown in Fig. 2 . As seen from Table I , terms A37 and A39 contribute with negative signs while term A43 contributes with a positive sign. The sum of all three diagrams is the dominant contribution to the total T (3) value for the 3s state of Na. Several other terms also give significant contributions to T (3) for the 3s state of Na. The largest of these is the sum of terms A42 and A44, which are equivalent as seen from the corresponding equations. These terms are dominated by the diagrams shown in Fig. 3 .
For all of the cases considered, the terms A27, A29, A30, and A32 are the largest and strongly cancel, leading to an insignificant remainder. For 3s states of Na-like ions with ZϾ11, the three terms A37, A39, and A43 remain dominant while A42 and A44 become relatively smaller with increasing nuclear charge. The terms A37, A39, and A43 are large for the 3p states of Na and Na-like ions, but A42 and A44 are small for these cases. For the 3d states, terms A39 and A43 are the largest but contribute with opposite signs. The term A37 becomes relatively more important for 3d states of Na-like ions as the nuclear charge increases. We note that the relative contribution from other diagrams also increases with the nuclear charge for all five states of Na-like ions considered here. For the 4s and 4p states of K and Ca ϩ , as well as for the 3d states of K, the three terms A37, A39, and A43 are dominant with the term A37 being the smallest. For the case of the 3d states of Ca ϩ , numerous other terms are large. The relative importance of the third-order contributions to SMS constants is illustrated in Table II , where we give a breakdown for the nϭ3 states in Na. We list lowest-order ͑HF͒ values P
(1) , one-particle corrections S (2) , S (3) , and S (2) ϩS (3) ; all-order corrections S (SD) ; second-and thirdorder two-particle corrections T (2) , T (3) , and T (2) ϩT (3) ; and the final theoretical SMS constants P tot . The final values are sums of the P (1) , S (SD) , and T (2) ϩT (3) . As we see from the table, the correlation correction is largest for the 3s state; the lowest-order value P
(1) for the 3s state has the same order of magnitude as S (2) , but has an opposite sign. The all-order result S (SD) differs from the MBPT result S (2) ϩS (3) by about 5% for 3s and 3p states. For 3d states, higher-order corrections are very important; second-and third-order corrections have the same order of magnitude and the all-order values 
from Eqs. ͑A42͒ and ͑A44͒ for the 3s state of Na.
are 30% higher than S (2) ϩS (3) . By evaluating the matrix elements of S (SD) using all-order wave functions with and without triple excitations, we found that triple-excitation corrections were negligible for all five states of Na. Two-particle contributions T (2) ϩT (3) are two to three times smaller than one-particle contributions S (2) ϩS (3) or S (SD) for all five states considered.
We find good agreement between our second-order values and the results of ͓6͔, which were also evaluated in secondorder MBPT. Our final value of the specific-mass shift constant of the 3pϪ3s transition Ϫ97.3 GHz amu differs by 12% from the experimental value Ϫ110 GHz amu, which was obtained by subtracting the NMS and FS from the measured isotope shift ͓25͔. It is in fair agreement with the multiconfiguration Hartree-Fock result of Froese Fischer et al. ͓15͔ and the MBPT result of Veseth ͓14͔, both of which are in close agreement with experiment.
In Tables III and IV , we present contributions to the SMS constants for 4s, 4p, 3d, and 4d states of K, and for 4s, 4p, and 3d states of Ca ϩ , respectively. The designations for various contributions are the same as in Table II . Lowest-order values P
(1) for the 4s states of K and Ca ϩ have the same sign as the final values; however, the HF approximation overestimates the size of P by a factor of five for K and a factor of three for Ca ϩ . As in the case of sodium, third-order contributions, both one-particle and two-particle, are largest for the d states. For K, the one-particle terms S (2) and S
nearly cancel for 3d and 4d states, enhancing contributions from fourth-and higher-order corrections. One, therefore, expects that the final theoretical values of P for 3d and 4d states of K will be less accurate than those for 3d states of Ca ϩ . In Ca ϩ , the third-order one-particle contribution S (3) is smaller than S (2) by a factor of three or more and the twoparticle third-order contribution T (3) is about half of T (2) . Therefore, the relative size of the correlation correction is smaller for Ca ϩ than for K. The all-order one-particle values S (SD) are in good agreement with MBPT values S (2) ϩS
for both K and Ca ϩ , with the exception of the d states in K. However, as mentioned above, fourth-and higher-order corrections for these states are enhanced. This could explain differences for d states, given that MBPT and SD calculations take into account different subsets of fourth-and higher-order terms. The effect of partial inclusion of triple excitations in S (SD) is found to be negligible for all states of Na and is below 5% of S (SD) for all states of K and Ca ϩ , except for d states of K.
In Ref.
͓9͔, the specific-mass shift constant for the 4 p 1/2 -4s transition was obtained from the experimental values for the 4p 1/2 -4s level shifts in the 38Ϫ47 K chain ͓5͔. The field shift was separated using the theoretical value for the field-shift constant calculated in ͓9͔ and the muonic value
ϭ0.117(40) fm 2 from Ref. ͓26͔. The resulting value of the SMS constant, 15.4͑3.8͒ GHz amu, ͓9͔ is much smaller than our value, 50 GHz amu. As we discussed above, there is a strong cancellation between the lowest-order and second-order values; consequently, fourth-and higher-order corrections, which are only in part included in our calculation of the one-particle contribution and are omitted from the two-particle contribution, become relatively more important.
Our final values for SMS constants of the 3d-4s and 3d-4 p transitions in Ca ϩ are in good agreement with experiment ͑7-11%͒. The agreement between our results and experimental values from Refs. ͓11,13,27͔ is worse for 4p-4s than for 3d-nl transitions; however, the experimental values for these transitions have large uncertainties and significant differences are found between values from different experiments ͓11,13,27͔. We also compare our results with the many-body theoretical calculations for the 4s and 4p SMS constants from Ref. ͓8͔ and find good agreement. The manybody result for the SMS constant of the 3d state from Ref.
͓13͔ agrees with our second-order value. As we noted above, the second-order calculation underestimates the 3d SMS constant in Ca ϩ by a factor of two. The present value of the SMS constant for the 3d state in Ca ϩ , P tot ϭ2600 GHz amu, is in good agreement with the value 2400 GHz amu inferred from experiment in Ref.
͓13͔.
We give our SMS constants for the 3s, 3p, and 3d states of Na-like ions with Zϭ12-18 and Zϭ26 in Table V . Triple excitations were found to be negligible for all of the states of Na considered here and they are, therefore, omitted in S (SD) calculations for Na-like ions. As expected, the relative importance of correlation decreases with increasing ionic charge. We found that S (SD) is relatively large for the 3s states of Na-like ions as it was for Na. For 3p and 3d states, contributions from S (SD) are several times smaller than P
for all values of Z considered. The two-particle contribution T (2) ϩT (3) is also important, but it is two to three times smaller than S (SD) for most of the cases considered in Table  V We emphasize that third-order two-particle contributions are important for SMS constants in all of the cases considered here, not only because of the relatively large size of this contribution but also because of the strong cancellation between other MBPT terms.
B. Field shift
Following Lindroth and Mårtensson-Pendrill ͓6͔, we assume that the nuclear charge distribution can be well approximated as a uniformly charged ball of radius R. Using the fact that ͗r 2 ͘ϭ(3/5)R 2 for a uniform distribution, it follows that the operator describing the field shift is
If we define the many-body field-shift operator F by
then the change in energy of a state ␦E F associated with a change in mean-square nuclear radius ␦͗r 2 ͘ in a valence
͑2.9͒
The MBPT expressions for first-, second-, and third-order contributions to the field shift F are precisely the same as those for the one-particle part of the specific-mass shift S. Thus, for example, the lowest-order contribution to the field shift is
where we have ignored the core contribution ͚ a f aa that cancels for transitions. Numerical calculations of the field shift require a refined radial grid. In the present calculations, we use a 1000 point radial grid with about 100 points inside the nucleus to evaluate the field shift.
In Table VI , we list first-, second-, and third-order contributions to the field-shift constants F
(1) , F (2) , and F (3) , respectively, in Na, K, and Ca ϩ . The total field-shift contributions are given in rows labeled F tot . It should be recalled that third-and higher-order RPA corrections are grouped together with the second-order RPA terms F (2) . The contributions F (3) are obtained using Eqs. ͑A10͒-͑A26͒ of the Appendix with ''dressed'' matrix elements f i j RPA . As we see from Table  VI , third-order contributions F (3) are very important for the ground states of Na, K, and Ca ϩ , where they give 17-36 % of F tot . For p 3/2 and d states, the entire field shift arises from correlation, since F (1) vanishes. We note that terms F (1) , F (2) , and F (3) add coherently for most of the states; thus, we do not observe the severe cancellation between first-, second-, and third-order contributions found for the SMS constants. Field-shift constants for 3s, 3p, and 3d states of Na-like ions with Zϭ12-18 and Zϭ26 are presented in Table VII 
III. RESULTS AND COMPARISONS
In Table VIII , we compare our values of the isotope shifts ␦ 22,23 of nϭ3 states in Na with experimental data from Refs. ͓4,25,28͔. The one-particle data for the SMS in the second column of the Table VIII is calculated in the SD approximation. We also list data for the field shift calculated using the field-shift constants from Table VI . The present values for the total isotope shifts are in agreement with experiment to 6% for the 3d-4s transitions, to 11% for the 3d-4p transitions and 15% for the 4p-4s transitions.
IV. CONCLUSION
In summary, we derived a set of formulas to evaluate diagonal matrix elements of one-and two-particle operators through third order for atoms with one valence electron. We used these formulas to determine specific-mass shift constants and field-shift constants in 3s, 3p, and 3d states of Na and Na-like ions with and Zϭ26; 4s, 4p, 3d , and 4d states of K, and 4s, 4p, and 3d states of Ca ϩ . We found strong cancellation between lowest-order and secondorder contributions to the specific-mass shift constants for Na, K, and Ca ϩ . Because of these cancellations, it was necessary to conduct complete third-order calculations of both one-particle and two-particle contributions for the specificmass shift constants. Since the one-particle contributions are dominant for all of the cases considered here, we also included subsets of fourth-and higher-order corrections to the one-particle part of the SMS. We also calculated the oneparticle part of the SMS using the all-order SD method, including the subset of triple excitations. We found that oneparticle contributions calculated in third-order MBPT were in good agreement with SD values for most of the cases considered here. We emphasize that even though the oneparticle contribution is dominant for the states considered, the third-order two-particle contribution T (3) is very significant because of strong cancellation between lower-order MBPT terms. We presented a detailed breakdown of twoparticle third-order SMS matrix elements to illustrate the relative importance of the various contributions to T (3) . Our values of the SMS constants for 3p-3s transitions in Na and 4p-3d and 3d-4s transitions in Ca ϩ are in agreement with experiment to 7-11% ͓13,17,25͔. The agreement is worse for K owing to strong cancellations between lowestorder and second-order values that enhances the role of fourth-and higher-order corrections. We calculated FS constants in third-order MBPT including subsets of fourth-and higher-order terms; good agreement between our calculations and other theoretical ͓6,9,11͔ and experimental ͓17͔ data was obtained.
We used our results for the SMS and FS constants to calculate total isotope shifts ␦ (22, 23) in Na, ␦ (41, 39) in K, and ␦ (43, 40) in Ca ϩ , and compared these results with other theoretical and experimental values. Our values for the isotope shifts for 3p-3s transitions in Na and 4d-4s transitions in K agree with experimental values ͓7,25͔ at the 3% level. The differences between our values and experiment ͓17͔ for 3d-4s and 3d-4p transitions in Ca ϩ are 6 and 11%, respectively. The agreement between our results and experiment for 4s-4p transitions in K and Ca ϩ is worse ͑15-18%͒. This can be explained by strong cancellation of various MBPT contributions for these cases. Including third-order two-particle matrix elements in calculations of specific-mass isotope shifts improves the agreement between theoretical and experimental values of isotope shifts for the cases considered. Further improvements along the lines of MBPT await a detailed study of fourth-and higher-order terms.
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APPENDIX: MATRIX ELEMENTS OF TWO-PARTICLE OPERATORS
To obtain formulas for the first-, second-, and third-order matrix elements of two-particle operators such as the specific-mass isotope shift operator, one simply replaces the Coulomb matrix element g i jkl ϭ͗i j͉1/r 12 ͉kl͘ by g i jkl ϩt i jkl and (V HF ϪU) i j by (V HF ϪU) i j ϩt i j in expressions for the first-, second-, and third-order energy in ͓18͔ and linearizes in t i jkl and t i j , respectively. In this way, we obtain the expressions for the diagonal contributions to the matrix element in the valence state v.
The first-order reduced matrix elements are
Here, and in the sequel, we designate core orbitals using indices a,b,c,d; excited orbitals using indices m,n,r,s,t; the valence orbital using the index v; and arbitrary orbitals using indices i,j,k,l. For the case of the specific-mass shift, J has the value 1, and T 1 (i jkl) is given by
where P(i j) are radial matrix elements of the momentum operator. The quantities ͗ v ʈC k ʈ a ͘ are reduced matrix elements of a normalized spherical harmonic,
The second-order one-particle reduced matrix element S (2) is given by
where ⑀ i is the one-body Dirac-Hartree-Fock energy for the state i, and the quantity Z L (i jkl) is defined as
where X L (i jkl) is expressed in terms of reduced matrix elements of unit tensors C L (r ) and Slater integrals R L (i jkl) by
͑A5͒
The quantities t(i j) are defined as
The second-order two-particle matrix elements are given by
where ⑀ i j ϵ⑀ i ϩ⑀ j . Before writing out the expression for the third-order oneparticle matrix elements, we define the one-particle matrix elements in random-phase approximation ͑RPA͒:
The third-order RPA contribution to the one-particle matrix elements S RPA (3) is obtained by replacing t(an) and t(na) in Eq. ͑A4͒ by the first term in the iterative solution of the RPA equations for t RPA (an) and t RPA (na). The ''full'' RPA contribution to the one-particle matrix elements is obtained by replacing t(an) and t(na) in Eq. ͑A4͒ by the fully converged t RPA (an) and t RPA (na) matrix elements. The angular reduction of the third-order one-particle matrix elements has been carried out in Ref.
͓32͔.
The remaining third-order contribution is given by 
͑A26͒
The total third-order contribution is S (3) ϭS RPA (3) ϩS (3) .
In our calculation, we replace t(i j) in Eqs. ͑A10-A26͒ by t RPA (i j) given by Eq. ͑A9͒. The third-order two-particle matrix elements are given by
